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Abstract. - We present a novel tight bound on the quantum violations of the CGLMP inequality
in the case of infinitely many outcomes. Like in the case of Tsirelson’s inequality the proof of our
new inequality does not require any assumptions on the dimension of the Hilbert space or kinds of
operators involved. However, it is seen that the maximal violation is obtained by the conjectured
best measurements and a pure, but not maximally entangled, state. We give an approximate
state which, in the limit where the number of outcomes tends to infinity, goes to the optimal state
for this setting. This state might be potentially relevant for experimental verifications of Bell
inequalities through multi-dimenisonal entangled photon pairs.
Introduction. – Already since the seminal work by
Bell in 1964 [1], Bell inequalities and their quantum vi-
olations are widely discussed in the literature. Probably
one of the most well known examples is the Clauser-Horne-
Shimony-Holt (CHSH) inequality [2]. It considers the case
of two parties, Alice and Bob, which perform two possible
measurements each with outcomes ±1 on a shared quan-
tum state. Any correlations of the experimental results
which can be explained through a local realistic theory
based on local hidden variables obey the CHSH inequal-
ity,
| 〈A2B2〉+ 〈A1B2〉+ 〈A1B1〉 − 〈A2B1〉 | ≤ 2, (1)
where A1, A2 and B1, B2 refer to the two possible mea-
surements on Alice’s and Bob’s side respectively and 〈·〉
denotes the expectation value.
Quantum correlations though can violate this inequal-
ity. However, it was shown by Tsirelson [3] that they still
obey the following so-called quantum Bell inequality
| 〈A2B2〉+ 〈A1B2〉+ 〈A1B1〉 − 〈A2B1〉 | ≤ 2
√
2, (2)
where the maximal violation is obtained by the maximally
entangled state. This quantum Bell inequality or Tsirelson
inequality is quite remarkable in the sense that it applies
to any quantum correlations without making assumptions
on the kind of measurements or Hilbert space involved.
In this letter we give a proof of a tight quantum Bell
inequality analogous to Tsirelson’s original inequality for
the case of infinitely many outcomes, that is a tight bound
on the quantum violations of a generalization of the above
Bell inequality for infinitely many outcomes. In this limit,
we show that the maximal violation is obtained by the
conjectured best measurements [4,5] and that the optimal
state is a pure state which is not maximally entangled.
This is in agreement with previous numerical investiga-
tions [6–8]. Further, we give an explicit analytical expres-
sion for the state which, in the limit where the number of
outcomes tends to infinity, converges to the optimal state
for this setting. Numerical investigations show that for
large but finite number of outcomes this state can be taken
as a good approximation to the optimal state. Finally, we
comment on possible experimental implementations.
Basic definitions regarding Bell experiments. –
Consider the setting described in the previous section of
two parties, Alice and Bob, choosing between two possible
measurements. However, we now generalize the measure-
ments to have d possible outcomes xk, k = 0, ..., d−1 with
xk 6= xl for k 6= l. We call this the 2 × 2× d Bell setting.
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Expectation values of the kind used above can then be
written as
〈AaBb〉 =
d−1∑
k,l=0
xkxlP(k, l|a, b) a, b = 1, 2. (3)
In the case of local realistic theories any correlation be-
tween the measurements on Alice’s and Bob’s side must
be explained by a hidden variable λ which implies for the
probabilities
PL(k, l|a, b) =
∑
λ
p(λ)P(k|a, λ)P(l|b, λ) . (4)
In quantum mechanics on the other hand the system is
described by a density matrix ρ on a Hilbert space H =
HA ⊗HB and quantum mechanical probabilities read
PQ(k, l|a, b) = Tr
(
Aka ⊗Blb ρ
)
. (5)
Here Aka and B
l
b are positive operators on HA and
HB respectively, satisfying
∑d−1
k=0 A
k
a = 1 for all a and∑d−1
l=0 B
l
b = 1 for all b.
A Bell inequality for the CGLMP setting. – A
Bell type inequality for the 2 × 2 × d setting was first
given by Collins-Gisin-Linden-Massar-Popescu (CGLMP)
[4]. Later, based on earlier ideas [6], a generalized and
simplified version was found in [7] which reads
PL(A2 < B2) + PL(B2 < A1) + PL(A1 < B1) +
+PL(B1 ≤ A2) > 1, (6)
where PL(Aa < Bb) =
∑
k<l PL(k, l|a, b). Not only the
inequality itself became much simpler, but also its proof
which reduces the proof of [4] to a literally three line proof
and is therefore worth to quickly recall here. Starting
with the following obvious statement {A2 ≥ B2} ∩ {B2 ≥
A1} ∩ {A1 ≥ B1} ⊆ {A2 ≥ B1} and taking the com-
plement one gets {A2 < B1} ⊆ {A2 < B2} ∪ {B2 <
A1} ∪ {A1 < B1} which implies for the probabilities
that PL(A2 < B1) = 1 − PL(A2 ≥ B1) ≤ PL(A2 < B2) +
PL(B2 < A1) + PL(A1 < B1). This completes the proof.
A nice feature of inequality (6) is that it reads the same
for any number of outcomes. In particular, it is also valid
as the number of outcomes becomes infinite. It is also
straightforward to generalize the inequality and the proof
to a 2×N × d setting. As a special example we note that
for the case of d=2 possible outcomes {x0, x1}={−1,+1}
inequality (6) directly reproduces the CHSH inequality in
its conventional form (1).
A quantum Bell inequality for infinitely many
outcomes. – The quantum violation of the CGLMP in-
equality for various numbers of outcomes was investigated
in several articles, most importantly [7–9]. In most of them
it was assumed that the dimension of the Hilbert space is
equal to the number of outcomes, i.e. H=Cd ⊗ Cd, nu-
merical evidence supporting this assumption was given in
[7]. Further, for higher numbers of outcomes the analysis
was purely numerical. From the numerical evidence it was
conjectured that the optimal measurements, causing the
maximal violation, are given by the following projective
measurements [4, 5] with projectors
|k〉A,a = 1√
d
d−1∑
m=0
exp
(
i
2π
d
m(k + αa)
)
|m〉A, (7)
|l〉B,b = 1√
d
d−1∑
n=0
exp
(
i
2π
d
n(−l+ βb)
)
|n〉B, (8)
with α1 = 0, α2 = 1/2, β1 = 1/4 and β2 = −1/4. Further
it was assumed, without loss of generality, that the optimal
state is pure and hence the density matrix can be written
in terms of the Schmidt decomposition of this state
ρ = |ψ〉〈ψ|, |ψ〉 =
d−1∑
k=0
λk|kk〉, (9)
with λk ≥ 0 and the normalization condition
∑d−1
k=0 λ
2
k =
1.
The maximal violation of the generalized version of the
CGLMP inequality, Eq. (6), was investigated in [7]. In
addition to giving further numerical evidence for the con-
jectured best measurements (7)–(8), as well as for the as-
sumption that the dimension of the Hilbert space can be
taken equal to the number of outcomes, the numerical
analysis was extended to very large numbers of outcomes
of the order of one million. It was seen that for such
large numbers of outcomes the left-hand-side of inequal-
ity (6) tends slowly towards zero. From this there was
conjectured a quantum Bell inequality for infinitely many
outcomes which we prove in the following.
Theorem (Quantum Bell inequality). For the number of
outcomes d → ∞ the minimal value of PQ(A2 < B2) +
PQ(B2 < A1)+PQ(A1 < B1)+PQ(B1 ≤ A2) converges to
zero. Hence,
A∞ := PQ(A2 < B2) + PQ(B2 < A1) +
+PQ(A1 < B1) + PQ(B1 ≤ A2) > 0 (10)
is a tight quantum Bell inequality for the 2× 2 ×∞ Bell
setting.
Proof. Since the the left-hand-side of (10) is obviously
non-negative, one only has to show the tightness of the in-
equality. From the numerical analysis described above we
expect this to be achieved by a quantum behavior with the
conjectured best measurements (7)–(8) and a pure state
(9) in the limit d → ∞. By inserting (5), (7)–(8) and
(9) into (10) it can be shown that for finite number of
outcomes the left hand-side of (10) reads [7]
Ad(λ) = 2− 1
d
d−1∑
k,l=0
λkλl
cos
(
π
2d(k − l)
) . (11)
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Taking the limit d→∞ of this expression yields
A∞(f)= lim
d→∞
Ad(λ)=2 −M(f), (12)
with
M(f) :=
∫ 1
0
∫ 1
0
f(x)f(y)
cos
(
π
2
(x− y)) dx dy, (13)
where the function f(x) is non-negative and normalized
according to
∫ 1
0
f2(x)dx = 1. We will now show that
supfM(f) = 2.
From the insight of previous numerical investigations
[7, 8, 10] we make the following ansatz
fδ(x) =
π1/4 22δ−1/2 (x(1 − x))δ−1/2√
Γ(1/2− 2δ)Γ(2δ) cos(2πδ) , δ > 0
=
√
δ (x(1 − x))δ−1/2 +O(δ). (14)
Inserting this into (13) we get
M(f) = Iδ +O(δ), (15)
where we defined
Iδ :=
∫ 1
0
∫ 1
0
(x(1 − x)y(1− y))δ−1/2 δ
cos
(
π
2
(x− y)) dxdy. (16)
For every 0 < ǫ ≤ 1/2 and 0 < δ < 1/2 one has
Iδ ≥ 2
∫ ǫ
0
∫ 1
1−ǫ
(x(1 − x)y(1− y))δ−1/2 δ
cos
(
π
2
(x − y)) dxdy
≥ 4
π
∫ ǫ
0
∫ ǫ
0
(xy)δ−1/2δ
(x+ y)
dxdy
=
ǫ2δ
π
{Ψ(1/4− δ/2)−Ψ(1/4 + δ/2)+
+Ψ(3/4− δ/2)−Ψ(3/4 + δ/2) +
+ 2π sec(πδ)} , (17)
where Ψ(z) = Γ′(z)/Γ(z) is the digamma function. For all
0 < ǫ ≤ 1/2 the last term in (17) goes to 2 as δ → 0. Since
alsoM(f) ≤ 2 by the non-negativity of the left-hand side
of (10), it follows from (17) that supfM(f) = 2 and hence
inff A∞(f) = 0 which completes the proof.
The approximate state. – The state (14) causing
the maximal violation of the Bell inequality (6) in the
limit d → ∞ can be seen as a regularized version of the
following approximate state for finite d
. |ψd〉 ∼
d−1∑
k=0
|kk〉√
(k + 1)(d− k) , (18)
correctly normalized according to ||ψd||2 = 1. The quan-
tum violation of the CGLMP inequality for this state was
first investigated in [8] and in [10] for the case of inequal-
ity (6) for a large number of outcomes of order 106. The
minimal value of the left-hand-side of inequality (6) as a
Fig. 1: Minimal value of the left-hand-side of inequality (6),
corresponding to the maximal quantum violations of this in-
equality, as a function of the number of outcomes d both for
the optimal state as well as the approximate state (18).
function of the number of outcomes d is shown in Fig. 1
for both the approximate state as well as the optimal state
using the conjectured best measurement operators. In ad-
dition, Fig. 2 displays the entanglement entropy for both
states as a function of the number of outcomes. One ob-
serves that in terms of maximal violation of the inequality
the approximate state serves as a good approximation to
the optimal state, even though the entanglement entropy
is slightly different for large d. Nevertheless, the above
results indicate that in the limit d→∞ both converge to
the same state and hence should also have the same en-
tanglement entropy. Using the definition of entanglement
entropy of a pure state in terms of the Schmidt coeffi-
cients, i.e. E(ψ) = −∑d−1i=0 λ2i logλ2i , we can calculate the
entanglement entropy of the approximate state for d→∞
lim
d→∞
E(ψd)
log d
=
1
2
. (19)
It is well known that for the number of outcomes d ≥ 3
the optimal state ψd causing the maximal violation of
the CGLMP inequality is not maximally entangled, i.e.
E(ψd)/ log d < 1 (see for example [6, 7, 9]). With re-
spect to this it is interesting to see that in the case of
d → ∞ even an entanglement entropy of 1/2 is sufficient
to cause the maximal violation. In addition, this result
points further to the differences between maximal viola-
tion of Bell inequalities and the statistical strength of Bell
experiments defined through Kullback-Leibler divergence
or relative entropy [11]. The latter was investigated in
[6] for the CGLMP inequality, where the entanglement
entropy of the optimal state Ψd, which minimizes the
Kullback-Leibler divergence, approached the asymptotic
value limd→∞E(Ψd)/ log d ≈ 0.69.
Discussion. – We have presented a proof of a tight
quantum Bell inequality or Tsirelson type inequality for
p-3
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Fig. 2: Entanglement entropy of the optimal state and the
approximate state as a function of the number of outcomes d.
the 2 × 2 × ∞ Bell setting, i.e. for two parties and two
measurements for each side which can each have infinitely
many outcomes. This quantum Bell inequality is a direct
analog of Tsirelson’s original inequality [3] for the case of
infinitely many outcomes. This analogy becomes much
more obvious when writing Tsirelson’s original inequality
in the form of our new tight quantum Bell inequality
PQ(A2 < B2) + PQ(B2 < A1) + PQ(A1 < B1) +
+PQ(B1 ≤ A2) > IdQ. (20)
Tsirelson’s inequality takes the form of (20) for two out-
comes with Id=2Q = (3 −
√
2)/2 ≈ 0.79. Our inequality
corresponds to the case of infinitely many outcomes with
Id=∞Q =0. As in the case of Tsirelson’s inequality our proof
does not require any assumptions on the Hilbert space or
the kind of operators involved. However, we show that the
maximal violation can be achieved by a pure state whose
explicit form is presented above and by the conjectured
best measurement operators.
It is interesting to notice that the presented quantum
Bell inequality is a tight no-signalling inequality and is
maximal in the sense that it corresponds to a face of the
polytope of normalized probability vectors. A similar sit-
uation was observed in [12] for the case of a 2 × N × d
Bell setting in the limit N → ∞. It was seen there that
this property of the quantum Bell inequality is particu-
larly interesting in the context of quantum key distribu-
tion. While in [12] the optimal state when N →∞ is the
maximal entangled state, in our case the situation is more
complicated. We leave the analysis of the relevance of the
here presented quantum Bell inequality for quantum key
distribution for future work. Further, one can also gener-
alize the above quantum Bell inequality for the case of a
2×N × d Bell setting in the limit d→∞ for any N ≥ 2.
Again the situation becomes slightly more complicated as
the optimal state in not maximally entagled. The details
of this generalization will be presented elsewhere.
Let us finally also mention that the presented quan-
tum Bell inequality might be potentially relevant for ex-
perimental implementations through high-dimensional en-
tangled photon pairs. The violation of Bell inequalities
with spatial entanglement has recently been introduced
in context of the CHSH inequality [13] (see also [14] for
an interesting more recent account). There is hope that
with respect to the inequality presented above an experi-
mental implementation through high-dimensional orbital-
angular-momenum entanglement [15] might be feasible.
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